The relation between the volatilities of pricing kernels associated with different currencies and the volatility of the exchange rate between the currencies is derived under the assumption of integrated capital markets, and the volatilities of the pricing kernels are related to the foreign exchange risk premium. Time series of pricing kernel volatilities are estimated from panel data on bond yields for five major currencies using a parsimonious term structure model that allows for time varying pricing kernel volatilities. The resulting estimates are used to test hypotheses about the relation between the volatilities of the pricing kernels in different currencies and the volatility of the exchange rate. As predicted, time variation in foreign exchange risk premia is found to be related to time variation in both the volatility of the pricing kernels and the volatility of exchange rates: the estimated pricing kernel volatilities can account for the forward premium puzzle in an 'average' sense across exchange rates.
Introduction
The equality under risk neutrality of forward and expected future spot prices has led researchers to explore the relation between forward and future spot prices in bond, commodity, and foreign exchange markets. For example, Fama and Bliss (1987) find that in the bond market, the forwardspot spread, or forward premium, is positively associated with the subsequent change in the spot interest rate, and Fama and French (1987) report similar results for commodities. However, findings in the foreign exchange market have been anomalous; in an influential paper, Fama (1984) reports a negative association between the forward premium in the foreign exchange market and the subsequent change in the spot exchange rate: this unexpected finding has become known as the forward premium puzzle. More recently, Bansal (1997) and Bansal and Dahlquist (2000) have shown that there are important non-linearities in the relation between the forward premium and expected exchange rate changes for certain currency pairs, the sign of the correlation depending on the sign of the interest differential or forward premium. Fama (1984) showed that the forward premium puzzle implies that the variance of the foreign exchange risk premium must exceed the variance in the expected rate of currency depreciation. However, attempts to explain the puzzle with general equilibrium models which assume time-varying uncertainty in fundamentals have met with little success.
1 Bekaert (1996, p 460) concludes after one such exercise that: "Not a single experiment in all my simulations yields negative correlations (between the forward premium and subsequent changes in the spot exchange rate)". The lack of success of these general equilibrium models has led some researchers to question their underlying rational expectations assumptions. For example, Lewis (1989a Lewis ( , 1989b proposes rational learning about regime shifts as a solution to the puzzle. 2 However, the lack of success of general equilibrium models in explaining risk premia is not limited to the foreign exchange market. The existence of the 'equity premium puzzle' 3 attests to a corresponding failure in the equity market, and the modern approach to bond pricing 4 typically eschews a general equilibrium approach in favor of an exogenously specified pricing kernel.
Since the forward premium between two currencies for any given maturity is equal to the interest rate differential for that maturity, it is natural to relate forward premia and exchange rate changes to the term structures of interest rates in the two currencies; several authors, including Backus, Foresi and Telmer (1995, 2001) , Bansal (1997) and Nielsen and Saá-Requejo (1993) have taken this volatility estimates, which are derived from currency option prices, are available for all currencies against the USD and for the BP and JY against the DM for the shorter period from October 1994
to May 2002.
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The no-arbitrage principle implies that the volatility of the pricing kernel associated with one currency is a linear function of the volatility of the pricing kernel associated with a second currency, and of the volatility of the exchange rate between the two currencies. Although our essentially affine framework for estimating the pricing kernel volatility is restrictive, we find strong relations between our estimates of the pricing kernel volatilities for currency pairs and the estimated volatility of the exchange rate between the currencies, which are generally supportive of the implied linear relation.
Our exchange rate data are generally consistent with the forward premium puzzle: regressions of changes in spot rates on the forward premium yield negative coefficient estimates in twelve out of twenty cases, and the precision weighted average coefficient is -0.40. However, the four DM exchange rates show no evidence of the puzzle: for this currency, all four coefficients are positive and their precision weighted average is 0.59.
The no-arbitrage principle also implies that the foreign exchange risk premium between two currencies is a linear function of two terms: the volatility of the exchange rate between the currencies, and the product of the exchange rate volatility and the volatility of the domestic pricing kernel.
When the return to foreign currency investment is regressed on estimates of these two variables, the estimate of the volatility of the exchange rate is significant in nine out of twelve regressions 8 and the product term is significant in seven out of the twelve regressions. This is despite the short sample period and the fact that the exchange rate volatility enters both terms in the regression. This evidence supports the view that the predictability in foreign exchange returns is related to general time-variation in risk premia, since the predictability is associated with time-variation in general market risk premia.
9
Since the implied volatility estimates of exchange rate volatility are available for only certain currency pairs and for a limited time period, we also consider an alternative but equivalent specifi-7 Measurement errors in the prices of the underlying and the option, as well as the use of inappropriate option pricing models, can create bias in implied volatility estimates. Neely (2003) and Chernov (2002) address the issue of bias in implied volatility forecasts of future volatility. Jorion (1995) reports that, despite their limitations, implied volatility estimates outperform those from GARCH models even with "ex post" parameter estimates. 8 We use the implied volatility derived from currency options instead of the conditional volatility estimated from a GARCH model. Bollerslev (1989, 1990) , Bekaert and Hodrick (1993) , and Domowitz and Hakkio (1985) find virtually no significant relation between the conditional volatility and the drift of the exchange rate. GARCH estimates of volatility may contain large errors due to limited sample sizes and possible misspecification of the GARCH model. 9 In particular, it is associated with risk premia in bond markets which are the source of our estimates of pricing kernel volatility.
cation of the foreign exchange risk premium, which expresses it as a function of the volatilities of the pricing kernels associated with the two currencies, without involving the exchange rate volatility.
We find that the strong association between pricing kernel volatilities and the foreign exchange risk premium remains in the new specification, and extends to the new currency pairs.
In order to determine whether the volatilities of the pricing kernels capture all of the predictable variation in exchange rate risk premia, we also regress changes in the spot exchange rate on the pricing kernel volatilities and the forward-spot rate differential. A likelihood ratio test shows that the pricing kernel volatilities add significant explanatory power in all ten cases. However, in many of the regressions the coefficient of the forward-spot rate spread is far from its theoretical value of unity. Using parentheses to denote estimates that exclude the JY, for which the affine term structure model seems mis-specified: when the USD is the domestic currency, the coefficient ranges from -3.35 (-0.21) to 15.75 (15.75 ) and the precision weighted average value is 0.08 (0.31). For the BP, the range of the coefficient is from -48.18 (-3.38) to 6.51 (6.51) with an average of 1.69 (3.07); for the JY, it is from -48.18 to -2.39 with an average of -5.23; for the DM, it is from -4.42 (-2.32) to 15.75 (15.75) with an average of 2.53 (3.24); for CAD, it is from -3.38 (-3.38) to -0.21 (-0.21) with an average of -1.20 (-0.90). The overall precision weighted average is -0.20 (0.76). Thus, while our estimates of pricing kernel volatilities are able to capture a significant portion of the time variation in exchange rate risk premia, they evidently do not catch it all. This is probably due to the restrictive nature of our term structure model and the consequent errors in our estimates of the pricing kernel volatilities.
The rest of the paper is organized as follows. Section 2 derives the theoretical relations between the pricing kernels for different currencies and the exchange rate between them, and relates the foreign exchange risk premium to the pricing kernel and exchange rate volatilities. Section 3 discusses the details of data construction and reports descriptive statistics. Section 4 describes the estimation procedure for the term structure model and discusses the time series of state variable estimates for the different currencies. Section 5 compares the empirical relations between pricing kernel and exchange rate volatility estimates with the theoretical predictions, and assesses the relations between the volatility estimates and the foreign exchange risk premium, and the ability of the volatility estimates to account for the forward premium puzzle. Section 6 summarizes and concludes.
Asset Pricing in a Multi-currency Setting
In the absence of arbitrage, there exists a pricing kernel for any numeraire, that prices all payoffs in terms of that numeraire. Consider a world in which asset prices follow diffusion processes.
10 Let m and m * denote the (real) pricing kernels corresponding to the domestic and foreign consumption bundles as numeraire, and write the dynamics of these pricing kernels as:
with m 0 = m * 0 = 1. It is understood that the diffusion and drift coefficients of (1) and (2) may depend on a set of unspecified state variables denoted by X.
The definition of the pricing kernel implies that any real return process dV V with volatility σ V has an instantaneous expected return given by:
where ρ V m is the correlation between the asset return and the pricing kernel. It then follows that r (r * ) is the domestic (foreign) instantaneous real risk free rate and, since |ρ V m | ≤ 1, η (η * ), the volatility of the pricing kernel for the domestic (foreign) economy is the maximum Sharpe ratio for returns calculated using the domestic (foreign) consumption basket as numeraire.
Let s denote the real exchange rate expressed in units of domestic purchasing power (units of US consumption basket) per unit of foreign purchasing power (units of UK consumption basket), and write the stochastic process for the exchange rate as:
where again the dependence of the drift and diffusion coefficients on X is to be understood.
The definition of the foreign pricing kernel implies that, for any real foreign gross return between time t and time t + τ , x * t,t+τ , the following relation holds:
Moreover, expressing the return on the foreign asset in terms of domestic purchasing power, the 10 See C-f Huang (1985) for sufficient conditions for this setup.
definition of the domestic pricing kernel implies that if the economies are integrated so that foreign real returns can be freely converted into domestic purchasing power:
A sufficient condition for (4) and (5) (4) and (5), but the minimum-variance pricing kernel for each numeraire derived from the projection of the pricing kernels onto the space of asset returns in that numeraire is unique and satisfies the above conditions. 12 We will assume that m and m * are the minimum-variance pricing kernels for the domestic and foreign numeraires whenever markets are incomplete.
The relation m * ∝ ms implies that:
Substitution from equations (1-3) into equation (6) yields:
Equality of the two stochastic processes requires that their drift and volatility coefficients be the same so that:
Therefore, the stochastic process of s is determined by the joint process of m and m * .
Equation (8) expresses the drift of the real exchange rate as the sum of the real interest differential and a risk premium which is equal to the instantaneous covariance of the real exchange rate with the domestic pricing kernel, while equation (9) relates the squared volatility of the two pricing kernels to the variance of the real exchange rate and the covariance of the exchange rate with the domestic 11 See Saá-Requejo (1994) and Backus, Foresi and Telmer (2001) .
12 See Brandt et. al. (2003) .
pricing kernel. Note that equation (8) implies that a positive interest differential for the domestic investor (r > r * ) does not necessarily mean that the domestic currency is expected to depreciate (more dollars per pound), since the foreign exchange rate risk may command a negative risk premium (ρ sm < 0).
Combining equations (8) and (9) implies that e = r − r
s , so that the stochastic process for the log exchange rate may be written as:
Let s * ≡ 1 s denote the real exchange rate expressed in terms of the number of units of foreign purchasing power per unit of domestic purchasing power (e.g., "U.K. goods per unit of U.S. good");
Combining equations (9) and (11) yields
This relation implies that if there is any uncertainty associated with the exchange rate, i.e. σ s = 0, then the exchange rate uncertainty must be priced by either the domestic or the foreign pricing kernel or by both: that is, if σ s = 0 then η * ρ sm * = 0 or ηρ sm = 0, or both. This is a consequence of Siegel's paradox, which says that foreign exchange risk cannot be priced at zero from both domestic and foreign perspective due to Jensen's inequality.
In order to apply this framework to nominal exchange rate data, it is necessary to develop the nominal equivalents of equations (8), (10) and (12). Thus, let P t (P * t ) denote the domestic (foreign) price levels, and assume that the stochastic processes for P t and P * t are of the form:
where π, the expected rate of inflation, will in general depend on the unspecified vector of state variables X.
Let S t denote the nominal spot exchange rate expressed in terms of domestic currency per unit of foreign currency (e.g., "dollars per pound"). Note that one unit of the foreign consumption basket,
13 See Bansal (1997) equation (11) .
which is equivalent to P * t units of foreign currency, can be exchanged for s t units of the domestic consumption basket, or equivalently for s t P t units of domestic currency. The absence of arbitrage then implies that the real and nominal exchange rates are related to the foreign and domestic price levels by S t P * t = s t P t . As shown earlier, the real exchange rate s t is determined by the pricing kernels m and m * via m * ∝ ms if the domestic and foreign economies are fully integrated. Therefore, the nominal exchange rate can be directly related to the domestic and foreign pricing kernels:
where k is a constant.
Applying Ito's Lemma to the above equation leads to the following nominal foreign exchange rate process:
where the drift Edt and the volatility σ S dz S are given by:
R (R * ) is the domestic (foreign) instantaneous nominal risk free rate given by
and σ xy ≡ σ x σ y ρ xy denotes the covariance between the innovations to variables x and y.
Equation (14) is the nominal counterpart of the real relation (8). The equation expresses the expected change in the nominal exchange rate as the sum of three terms: the nominal interest rate differential, R − R * ; the covariance of the nominal exchange rate with the domestic price level, σ SP ;
and a time varying exchange rate risk premium, ησ S ρ Sm , which is equal to the covariance of the nominal exchange rate with the real domestic pricing kernel. A direct implication of this equation
is that the exchange rate risk premium, defined as the risk premium on an unhedged position in an investment that is riskless in terms of foreign currency, (R
, is a function of the volatility of the domestic pricing kernel, η, and the volatility of the nominal exchange rate,
Equation (16) shows that time-variation in the foreign exchange risk premium can arise from time variation in the covariance of price changes with the nominal exchange rate, and from time variation in the covariance of the nominal exchange rate with the pricing kernel. In our empirical work we shall treat the volatility of the price level σ P and the correlations between the price level and the exchange rate, and between the nominal interest rate and the pricing kernel, ρ SP and ρ Sη , as constant, and seek to explain the variation in the risk premium in terms of variation in the volatility of the exchange rate, σ S , and of the pricing kernel, η.
Equation (15) implies the following relation between the variances of the domestic and foreign pricing kernels and the variance of the nominal exchange rate which is the nominal counterpart of equation (9):
Using equations (14) and (17), the stochastic process for the log nominal exchange rate may be written as:
This stochastic process for the nominal exchange rate corresponds to the process for the real exchange rate, (10). The advantage of analyzing the stochastic process for the log exchange rate is that the volatility of the nominal exchange rate cancels out of the drift term, so that the expected change in the log exchange rate depends only on the interest rate differential, which is equal to the forward premium, and the volatilities of domestic and foreign pricing kernels.
Finally let S * ≡ 1 S denote the nominal exchange rate expressed in terms of foreign currency per unit of domestic currency. Then symmetry implies that:
Combining equations (17) and (19) yields the nominal counterpart of equation (12), a linear equation relating the volatilities of the pricing kernels and the volatility of the nominal exchange rate.:
Equations (16), (18) and (20) are the basis of our empirical examination of time-variation in foreign exchange rate risk premium. In Section 5, we first explore how well the estimates of the volatilities of the foreign and domestic pricing kernels reported in Section 3 satisfy the linear relation (20). Then we test whether time variation in exchange rate risk premia is related to time variation in the volatility of foreign or domestic pricing kernels and the nominal exchange rate volatility, as implied by expression (16). Finally, we examine whether time variation in exchange rate risk premia is related to time variation in the volatilities of the domestic and foreign pricing kernels as specified in equation (18).
In order to carry out this empirical analysis, we must first estimate the volatilities of the pricing kernels associated with the different currencies. The data and the estimation procedure are discussed in the following two sections.
Data Construction and Description
The basic data used to estimate real interest rates, expected inflation rates, and pricing kernel volatilities (maximum Sharpe ratios) consist of estimated zero coupon bond yields for the second day of each month from January 1985 to May 2002 for the United States, UK, Germany, Canada and Japan. The sample period and the number of countries were limited by the availability of government bond data for a sufficient period of time.
Data on bond prices, coupon rates, and coupon, issue, and redemption dates for all available government bonds outstanding on a given date were taken from Datastream. Most bonds in the U.S., U.K., Canada and Japan pay semi-annual coupons: those that did not were eliminated from the sample. In Germany most bonds pay annual coupons and those that did not were also excluded.
Finally, all stripped zero-coupon and floating-rate bonds and bonds that were callable or extended to dates beyond the original redemption dates were excluded.
A cubic spline was fitted to the yields on all the remaining bonds 14 with maturities up to twenty years for each country and for each month. No extrapolation was used in the estimation, so that the longest possible extracted zero-coupon bond yield for a given month is always less than or equal to the longest maturity bond available for that month. For the U.S., the U.K. and Canada, zero-coupon bond yields for maturities of 6 months, 1, 2, 3, 5, 7 and 10 years were obtained for each month, while for Germany and Japan, the maximum maturity of the zero-coupon bond yields was only 14 Bliss (1996) tests and compares five different methods for estimating the term structure. He finds that the unsmoothed Fama-Bliss method does the best but that differences between this and the cubic spline approach are small. The cubic spline approach seems to be the approach most widely used in empirical studies of U.S. yields.
respectively 7 years and 8 years for each month. The cubic spline approach has been used previously by McCulloch (1975) to fit the U.S. term structure, and by Litzenberger and Rolfo (1984) (LR) to study tax effects on yield curves in different countries. The procedure used here follows LR but ignores capital gains and income tax effects since the model developed in Sections 2 and 3 assumes no taxes or other frictions.
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Where possible, the estimated zero-coupon constant maturity bond yields were compared with existing data from other sources. For the U.S., our estimated yield curve was compared with the Fama-Bliss bond yields from CRSP which are only available for maturities of 1, 2, 3, 4 and 5 years up to December 2001, and also with bond yield data provided directly by Bliss for all maturities up to December 2000. Our estimates have very similar sample means and standard deviations to these two datasets. The correlations of bond yields between the two data sets are above 0.95 for maturities of 1, 2, 3, 4 and 5 years but are only 0.7 for 10-year yields. For the U.K. yield curve, our estimates were compared with those published by the Bank of England for the same sample period for maturities of 1, 2, 3, 5, 7, 10 and 15 years: the correlations are all above 0.9, but the sample means of our estimates are slightly higher. Since the data from the Bank of England are available for the whole sample period, we used this dataset for estimating the U.K. state variables. Table 1 reports summary statistics for the estimated zero-coupon bond yields for the different currencies. The yield curves for USD, CAD, JY and DM are on average upward-sloping. For example, the average zero coupon yield for the USD increases from 6.07% per year for the six-month bond to 7.41% for the ten-year bond. The sample standard deviation decreases with maturity, from 1.64% for the six-month bond to 0.82% for the ten-year bond. On the other hand, the average yield curve for the BP is slightly hump-shaped and almost flat: increasing from 8.02% for the one-year bond to 8.14% for the seven-year bond and then decreasing to 7.88% for the 15-year bond. The sample standard deviation also decreases slightly with maturity. Overall, JY bonds have the lowest average yields at around 3-4% while the BP has the highest average yields at around 8%.
All bond yields are highly persistent with first order autocorrelation of 0.98 or above. Yields for different maturities are also highly correlated, particularly for nearby maturities. The shortest and the longest maturity bond yields have a correlation of 0.74 for the USD, 0.80 for the BP, 0.87 for the CAD and 0.63 for the DM. Note that for the JY the 6-month and 8-year yields have a correlation of 0.96, and the correlations between other yields are even higher, suggesting that either a single factor model may capture the dynamics of the JY term structure, or more plausibly, that the level of rates in Japan has shifted down by so much that the slope effects appear small in comparison. Table 1 also reports summary statistics for the monthly inflation rates and the excess returns for the equity markets of the countries corresponding to each currency. Inflation rates were calculated from Consumer Price Index data obtained from Datastream and the equity market excess returns were calculated from the total market index returns and treasury bill rates also obtained from
Datastream. For our sample period the estimate of the equity premium for Japan is only 1.7%, although the estimate doubles if the data from 1980 to 1985 are included. On the other hand, the U.S. equity premium estimate during this period is almost 10%, reflecting the bull market of the 1990s. Average inflation rates range from a low of only 0.84% per year in Japan to a high of 3.8% in the U.K.
Spot and one month forward exchange rates against the USD as well as the one-month Treasury Bill rates were also taken from Datastream. Cross-rates between currencies other than the USD were calculated by taking ratios of USD exchange rates. Since one-month Treasury Bill rates for the JY are only available starting from December 1993, one-month bill rates from the Bank of Japan were used for the earlier period. Table 2 reports summary statistics on foreign exchange rates against the USD, and the interest rates used for each of the currencies. Consistent with previous studies, changes in spot rates for all four country-pairs are highly volatile and have very low autocorrelation. The monthly volatility ranges from 1.37% for CAD to 3.74% for JY. The mean implied one-month volatilities on a monthly basis range from 1.67% per year for the CAD to 3.46% for JY. The autocorrelation of the changes in spot rates is negative for the CAD and DM and positive for the BP and JY, but in all cases the absolute value of the autocorrelation is less than 0.1. In contrast, forward premia exhibit low volatility and much higher autocorrelation: for example, the forward premium for the BP has a monthly volatility of only 0.21% but an autocorrelation of 0.74. 
State Variable Estimates
In order to estimate the parameters of the pricing kernel process for each country from panel data on bond yields, it is necessary to place some further structure on the dynamics of the pricing kernel and the inflation rate. We follow Brennan, Wang and Xia (2003) (BWX) in assuming that the real interest rate, r, and the maximum Sharpe ratio, η, follow Ornstein-Uhlenbeck processes, so that the stochastic process for the pricing kernel may be written as:
The expected rate of inflation, π, is also assumed to follow an Ornstein-Uhlenbeck process:
Under these assumptions, BWX show that the nominal yield on a zero-coupon (default-free) bond of maturity τ is a linear function of the state variables, r, π, and η:
where the coefficients, A(τ ), B(τ ), C(τ ) and D(τ ) are functions of the parameters of the joint stochastic process for the pricing kernel (21,22,23), realized inflation (13), and the expected rate of inflation (24).
In principle, it is possible to estimate the parameters of the system (21 -24) by Maximum Likelihood using equation (25) and yields on three bonds of different maturities. However, the choice of bonds to use in the estimation is arbitrary, and there is no guarantee that the estimates will be consistent with the yields of other bonds. Therefore, to minimize the consequences of possible model mis-specification and measurement errors in the fitted bond yield data, we allow for errors in the pricing of individual bonds and use a Kalman filter to estimate the time series of the unobservable state variables r, π and η, and their dynamics, from data on bond yields.
In summary, there are three transition equations for the unobserved state variables, r, η, and π, that are the discrete time versions of equations (22), (23), and (24). There are n + 1 observation equations based on the yields at time t, y τj ,t , on bonds with maturities τ j , j = 1, · · · , n. The first n observation equations are derived from equation (25) by the addition of measurement errors, τj :
The last observation equation is based on the realized inflation rate at time t:
This final observation equation is used to identify r and π which enter the bond yield equation (26) symmetrically.
The measurement errors, τj (t), are assumed to be serially and cross-sectionally uncorrelated, and to be uncorrelated with the innovations in the transition equations. To reduce the number of parameters to be estimated, the variance of the yield measurement errors was assumed to be of the form:
where σ b is a single parameter to be estimated. This is equivalent to the assumption that the measurement error variance of the log price of the bonds is proportional to the bond maturity.
17 In addition, it is assumed that the errors in the observation equations are uncorrelated with the innovations of the state variables, i.e., ρ ir = 0, ρ iπ = 0 and ρ iη = 0 (i = 1 , · · · , n , and P ).
The long run means of the state variables were set exogenously to facilitate identification and estimation. More specifically,π for each country was set equal to the sample mean of the CPI inflation rate, which is 3% for the U.S., 3.8% for the U.K., 2.8% for Canada, 2% for Germany and 1% for Japan;r was set equal to the difference between the sample means of the one-month Treasury bill rate and the CPI inflation rate, which is 2.6% for the U.S., 4.6% for the U.K., 4% for Canada, 3%
for Germany and 2.5% for Japan; 18 andη was set equal to 1.2 times the sample mean of the country's 17 BWX estimate the system by assuming that σ 2 ( τ j ) = σ 2 b /τ j so that the measurement error variance of the log price is independent of maturity.
18 Strictly speaking, r = R − π + ησ P ρ P m + σ 2 P in our model. Since we impose ρ P m = 0 in the estimation and σ 2 P is negligible, we user ≈R −π to derive the long run mean of the real interest rate. equity market Sharpe ratio, which is 0.62 for the U.S., 0.58 for the U.K., 0.44 for Canada, 0.46 for Germany, 0.21 for Japan. 19η was set 20% higher than the realized equity market Sharpe ratio to allow for the fact that the equity market is only one component of the investment opportunity set.
Note that for any asset i, only the product ρ im η is identified in the estimation -therefore errors in the predetermined values ofη will be offset by errors in the estimated correlations. On the other hand, when we relate η to foreign exchange risk premia in Section 5, we must acknowledge that our estimates of η for any currency are empirically identified only up to a multiplicative constant, so that no restrictions can be placed on the magnitudes of the coefficients of η. Finally, σ P was set to the sample standard deviation of realized CPI inflation rates and ρ mP was set to zero to reduce the number of parameters to be estimated. Table 4 reports the parameter estimates and their asymptotic t-ratios for each of the five countries. In all countries, σ b , the standard error of the measurement error is highly significant, falling in the range of 18-48 basis points, which is comparable to values found for previous studies of the U.S. term structure.
For all countries except the U.S., 20 σ r , the volatility of the real interest rate innovation, is in the range of 63-92 basis points per year; for the U.S. on the other hand it is 277 basis points.
The high volatility of r in the U.S. is offset by strong mean reversion: the estimate of κ r is more than twice as high for the U.S. (0.290) as for the next highest country, the U.K., and implies a half life for innovations of about 2.4 years, as compared with almost 5 years in the U.K., almost 6 years in Canada, and more than 10 years in Germany where the mean reversion parameter is not significant. 21 As we shall see below, there is evidence of mean reversion in the estimates of r for all these countries. For Japan on the other hand, the estimated value of r declines fairly steadily from 1990 so that there is little evidence of mean reversion in this sample period. It is then not surprising to find the estimate of κ r close to zero and insignificant; the Ornstein-Uhlenbeck assumption clearly fails to capture the behavior of the real interest rate in Japan during this sample period. The
19 Note that the sample means of the ex post equity market Sharpe ratios and the Treasury bill rates reported here differ from those reported in Tables 1 and 2 , because these means are calculated using data starting from January 1980 instead of January 1985. The longer sample period was chosen to improve the efficiency of the estimates forr,π andη. The estimates forr,π andη are similar in the long and the shorter sample for Canada, the U.K. and Germany. The estimates ofr andπ for Japan and U.S. are also similar but the estimates ofη are significantly different in the two samples. The estimates based on the sample starting from January 1985 areη = 0.80 for the U.S. and 0.10 for Japan.
20 Note that the CPI index, and therefore the real interest rate also, are defined for country-currency pairs since, for example the U.S./USD real interest rate is the difference between the USD nominal interest rate and the U.S. CPI which relates to prices in the U.S. denominated in USD. estimated correlation between innovations in the real interest rate and the pricing kernel, ρ rm , is negative and highly significant for all five currencies, so that there is a significant real interest rate risk premium and long term bonds command a positive premium in all five currencies.
The estimated volatilities of innovations in expected inflation rates are highly significant and are in the range of 74 to 115 basis points except for Japan where the point estimate of 40 basis points is not significant. The estimates of κ π are very small and insignificant for the Anglo-Saxon countries, U.S., UK and Canada, but the estimate for Germany is much larger and significant, perhaps reflecting the strong anti-inflationary bias of the Bundesbank. The estimates for the AngloSaxon countries are consistent with previous findings that expected inflation follows close to a random walk. We place little weight on the estimate for Japan since it is clear that during the sample period expected inflation, like the real interest rate, does not conform to the O-U assumption underlying the estimation. Finally, ρ πm is not significant for any country so that there is no evidence of a risk premium associated with expected inflation.
The point estimate of the volatility of the η process, σ η (i.e., the innovation volatility for η), is in the range of 0.19 to 0.28 for all currencies except the JY where it is only 0.06 -we conjecture that this reflects the generally poor fit of the model to JY yields during this sample period. The point estimate is highly significant only for the BP; the lack of significance and the point estimate of 0.193 for the USD are a little surprising, since the stochastic nature of risk premia in the U.S. has been widely documented, and Brennan, Wang and Xia (2003) and report estimates of σ η of 0.424 and 0.301 for the periods 1952-2000 and 1983-2000 , and these are highly significant. Just as for the real interest rate, the estimate of the mean-reversion parameter, κ η , is highest for the USD and lowest for the DM and JY for which the model does not fit so well.
22 The half life of innovations in η is almost 9.5 years for the CAD, around 6.7 years for the BP, and about 2.4 years for the USD. Finally, ρ ηm , is positive and significant for all currencies except the JY for which, as mentioned, the model does not fit well. It is interesting to note that, with the exception of the JY, the signs of ρ rm and ρ ηm are opposite and are consistent across currencies, so that the risk premia for these fundamental investment opportunity set risks are priced in a consistent fashion across currencies.
In summary, the estimation results display an encouraging consistency across currencies/countries except for Japan and the JY where the post-bubble economy has not conformed well to the model assumptions about the real interest rate or inflation.
22 The maximized likelihood is lowest for these two countries. Table 5 may be quite different from the pre-set long run mean reported in Table 3 This is inconsistent with the few large κ estimates reported in Table 3 and again is due to the competing demands of fitting the time series and cross-section of yields using a parsimonious model that may be mis-specified.
The state variable estimates are plotted in Figures 1 to 3 . The time series of real interest rate estimates shown in Figure 1 display considerable volatility for all five currencies, ranging in all cases from a high of between 6 and 8% to a low of between 0 and minus 2%. All the series except that for Japan display strong mean reversion. While there are common elements in the series, country specific factors are clearly relevant also. Thus, while the patterns for U.S. and Canadian rates are broadly similar after 1990, the U.S. rate drops steeply from about 8% in the early part of the sample period while the Canadian rate is rising sharply from an initial value of around 2%. The U.K. rate generally tracks the U.S. rate after about 1985, but with a lag: the rates in both countries rise strongly in the late 1990s only to fall after 2000 with the decline in stock markets. The German rate displays a broadly similar pattern, but with a period of elevated rates following German reunification in 1990 and with an earlier decline towards the end of the 1990s reflecting the sluggishness of the German economy during this period. The Japanese interest rate shows the most anomalous pattern, declining almost monotonically from around 5% in 1990 to minus 2% by the end of the sample period. to May 2002. The expected inflation estimates for U.S., Japan and Germany exhibit much lower volatility than the real interest rates: they vary only from around 0.5% to around 4%. On the other hand, the estimated rate of inflation for the U.K. moved around in a tight range between 3% to 6% until 1997 when it fell rapidly to below zero and then moved up to less than 2%; expected inflation in Canada has long swings in the much larger range of 0.5% to over 7%. Figure 3 plots the time series of estimated pricing kernel volatilities or the maximum Sharpe ratios for the five currencies. 23 The Sharpe ratios for the USD, BP, and DM all reach their lows at the peak of the stock market boom in the 1999-2000 period, the USD decline starting around 1993, the BP decline around 1995, and the DM decline around 1996. The ratios for all three currencies rise rapidly towards the end of the sample period. The CAD and JY Sharpe ratios also decline in the second half of the 1990s, but not so dramatically as for the other three currencies. For both the CAD and JY, the lows (in both cases below zero) are reached in 1990. In the first half of the 1990s Sharpe ratios for all currencies are generally high and increasing. 24 Finally, in contrast to the unrelated movements in the real interest rates in Canada and the U.S. up to 1990, the Sharpe ratios for the corresponding currencies display strong comovement, initially rising sharply and then entering a long period of decline from 1986 to 2000.
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In results not reported here, vector autoregressions were run separately for r, π, and η across the five countries/currencies. 26 For the real interest rate, feedback effects were found between Germany and the U.K. and from the U.S. to Canada. For the Sharpe ratio, feedback effects were found between the CAD and the USD and between the DM and JY. In addition, the DM ratio was influenced by the lagged BP ratio and the CAD ratio was affected by the lagged ratios for all other currencies.
The correlations between the real interest rate innovations in all countries are positive, the highest correlations being between Canada and the U.S. (0.48) and Germany and the U.K. (0.44); the next highest correlation is between Germany and Japan (0.38). The correlations between the Sharpe ratio innovations for all currencies are also positive, once again the highest correlations being between the CAD and the USD (0.54) and between the DM and the BP (0.41), all other correlations being considerably smaller. These results are consistent with the hypothesis that geographical proximity and trade relations are associated with common shocks to real interest rates, and with our finding that the volatilities of the exchange rates between the corresponding currency pairs were the lowest.
23 The (absolute value of) the volatility of the pricing kernel defines the maximum Sharpe ratio for returns denominated in a particular currency.
24 This is consistent with Bekaert and Hodrick (1992) , who report large Hansen-Jagannathan bounds for the pricing kernel volatility inferred from foreign exchange and equity returns.
25 Ilmanen (1995) reports very high correlations between the estimated excess returns on bonds in different currencies that are obtained by projecting the excess returns on the bonds on a common set of instruments.
26 Strictly speaking, the VAR specification is inconsistent with the parsimonious Ornstein-Uhlenbeck assumption that we have made about the state variable dynamics.
Empirical Results
We consider first whether our estimated pricing kernel volatilities are consistent with the linear relation between the volatility of domestic and foreign real pricing kernels and the volatility of the nominal exchange rate specified in equation (20) . Since η * and η are highly autocorrelated, a simple regression would yield spurious results. 27 Therefore we estimate a cointegrating regression between the estimated pricing kernel volatilities and the implied volatility of the exchange rate. Currency option prices from which the implied volatilities are computed are only available for currencies against the USD and the BP-DM, DM-JY pairs, and even for these exchange rates only for the period from October 1994 to May 2002, and the estimation is based on this sample.
The results of the cointegrating regressions which are reported in Table 6 show that the volatility of the foreign pricing kernel is strongly related to the volatilities of both the domestic pricing kernel and the exchange rate. For all currency pairs except the BP-DM pair, the exchange rate volatility is highly significant, 28 and for each currency pair the volatility of the domestic pricing kernel is significantly related to the volatility of the foreign pricing kernel in at least one of the two regressions.
In order to assess the relation for a wider range of country pairs and over a longer time period, changes in the foreign pricing kernel volatilities were regressed on changes in the domestic pricing kernel volatilities without including the exchange rate volatility in the regression. In results that are not reported here, the relation was found to be weak in the period from January 1985 to September 1994:R 2 all less than 10% and only three out of twenty currency pairs with significant (at 5% level) coefficient estimates. In contrast, the coefficient estimates for the sub-period from October 1994 to May 2002 were highly significant except for three currency pairs, all of which involve the JY: theR 2 's all above 20% except for those involving JY. For example, theR 2 for the DM-USD regression improved from zero in the first sub-period to around 27% in the second sub-period while for the DM-BP regression it improved from 5% to over 40%. Even for regressions involving the JY, the goodness of fit also improved. For example,R 2 for the BP-JY regression rose from only 1.8%
to over 16%. The much stronger results in the second sub period are consistent with a significant improvement in market integration over time. For the whole period, as well as for the two subperiods, the regressions involving the JY always have the the weakest regression results. While this is consistent with the finding of Brandt, Cochrane and Santa-Clara (2002) 
that their international
27 See Chapter 18 of Hamilton (1994) for detailed discussions. Roll and Yan (2000) discuss this problem in the context of the forward premium puzzle.
28 Given that the implied volatility may be a biased estimate of the true volatility, the point estimates and standard errors should be interpreted with caution. risk sharing index is lowest for Japan, it also seems likely that the poor fit of the term structure model to JY yields, and corresponding errors in the JY estimates of η, are responsible.
In summary, with the exception of JY, we have found strong relations between the volatilities of the pricing kernels estimated for the different currencies: the relation is stronger in the later sub-period and is improved by including a measure of exchange rate volatility as equation (20) predicts.
In order to verify the presence of the forward premium puzzle in our data, a cointegrating regression was estimated between the one-month change in the log of the spot exchange rate and the difference between the log of the one-month forward and the log of the spot exchange rate:
where ∆ = 1/12 is one month, and S i,j,t and F i,j,t,∆ denote the spot and ∆-period (one-month) forward exchange rates between currencies i and j at time t measured in units of currency i per unit of currency j. The estimated value of c 1 , reported in Table 7 , is negative in twelve out of twenty regressions; the precision-weighted average of the estimates is -0.40. This is consistent with previous evidence on the forward premium puzzle. However, the four DM exchange rates show no evidence of the puzzle: all four coefficients are positive and their precision-weighted average is 0.59.
Our model of time-variation in the volatility of the pricing kernel implies that the above regression is mis-specified since it ignores time-variation in the risk premium. The discrete time equivalent of equation (14) implies that the ∆ period expected currency appreciation,
is related to the corresponding interest rate differential, (R * t − R t ) ∆, the volatility of the domestic pricing kernel, η∆, and the volatility of the exchange rate, σ S ∆. Covered interest rate parity implies that the interest rate differential is equal to the ∆-period forward premium, (R t − R * t ) ∆ = (F t,∆ − S t ) /S t , so that the discrete time equivalent of equation (14) can be written as:
where ∆ = 1 12 if the time step is one month.
Equation (27) implies the following stochastic relation between the excess return on foreign currency investment, exchange rate volatility, and the product of the volatility of the domestic pricing kernel and exchange rate volatility:
where ∆ = 1/12, i denotes the domestic currency while j denotes the foreign currency, and the null is given by H 0 : c 0 = 0, c 1 = 0.
Although the unit-root null hypothesis is strongly rejected for spot exchange rate changes and the forward premium for all country pairs, 29 η is highly persistent. Therefore, we estimate relation (28) using a cointegrating regression. The results for currency pairs and periods for which implied exchange rate volatility data are available are reported in Table 8 .
The estimated coefficient of σ S is significant in nine out of the twelve regressions and that of the product term ησ S is significant in seven out of the twelve regressions. 30 The estimated coefficient of the product of the pricing kernel and the exchange rate volatilities,ĉ 1 , is significant in all the BP-DM and USD-DM regressions, no matter whether the relevant independent variable is the estimated volatility of the pricing kernel for the USD, the BP, or the DM. On the other hand,ĉ 1 is significant for the CAD-USD and BP-USD regressions only when the independent variable is the estimated volatility of the USD pricing kernel. When the independent variable is the estimated volatility of the JY pricing kernel,ĉ 1 is significant in the DM-JY regression, but not in the JY-USD regression.
Despite the short sample period and the fact that the exchange rate volatility enters both terms in the regression, these regressions provide clear evidence that exchange risk premia are related to time-variation in both exchange risk and the volatility of the pricing kernel. They also support the view that predictability in foreign exchange returns is due to time-variation in general risk premia, since the predictability is associated with a pricing kernel volatility estimate that is derived from the estimated time-variation in other (bond) market risk premia.
Since the implied exchange rate volatility is available for only a short period of time and for certain currency pairs, we also consider the alternative specification (18), which expresses the drift of the log of the spot exchange rate, as a function of the nominal interest rate differential and the volatilities of the pricing kernels associated with the two currencies without involving the exchange rate volatility. Again applying the covered interest rate parity relation ln
The forward premium in general does not have a high enough autocorrelation coefficient: the highest among all country pairs is only 0.82. Roll and Yan (2000) find non-stationarity in the forward premium for a different sample period.
30 The significant coefficient for the exchange rate volatility is consistent with the finding of Brandt and Santa-Clara (2002) where the implied volatility derived from currency options also has a significant coefficient, but contradicts the results in Bollerslev (1989, 1990) and Bekaert and Hodrick (1993) where the conditional exchange rate volatility estimated from a GARCH model has no or only weak association with the drift of exchange rate.
the drift term of equation (18) implies that for a discrete time interval, ∆:
Subtracting the log forward premium from both sides we obtain the following stochastic relation:
where ∆ = 1/12, and i denotes the domestic currency while j denotes the foreign currency. For the true pricing kernel volatilities, c 2 = −c 3 = 1 24 under the null. As mentioned above, the pricing kernel volatilities were empirically estimated only up to a scale factor so that c 2 and −c 3 are not constrained except as to sign. If unexpected inflation is priced so that ρ P m = 0 and ρ P * m * = 0, then the model predicts that c 4 = 0 and c 5 = 0.
The results of estimating equation (30) by cointegrating regression are reported in Table 9 ; for ease of presentation we report results for both definitions of the exchange rate, S and 1/S. The strong association between pricing kernel volatilities and exchange rate risk premia remains in the new specification, and extends to the new currency pairs. At least one pricing kernel volatility is significantly associated with the foreign exchange risk premium for seven out of the ten currency pairs. However, the sign restrictions on c 2 and c 3 are frequently violated. We conjecture that this is due to the difficulty of identifying the separate coefficients of η and η 2 , and the errors in our estimates of these state variables.
In order to determine whether the time variation in risk premia that is captured by the estimated pricing kernel volatilities can account for the forward premium puzzle, we include the pricing kernel volatilities in a regression of the (log) change in spot rate on the log forward premium:
Now c 1 estimated as a free parameter instead of being restricted to unity as in (30).
The cointegrating regression estimates are reported in Table 10 . It is apparent that the estimates of c 1 are highly variable and often far (and significantly different) from their theoretical value of unity. However, while the precision weighted average of the coefficients for the simple regression on the forward premium reported in Table 7 was, including (excluding) the JY regression -0.40 (-0.01), the precision weighted average of the estimates of c 1 in Table 10 is -0.20 (0.93). Thus, while the individual regressions in Table 10 show that the estimated pricing kernel volatilities do not account for the forward premium puzzle for particular exchange rates, their inclusion in the regression considerably attenuates the puzzle on average, and on average accounts for it almost entirely if the regressions involving the JY are excluded. A log likelihood ratio test rejects the null hypothesis that c 2 = c 3 = c 4 = c 5 = 0 at better than 1% significance level in all cases, so that the pricing kernel volatility terms add significant explanatory power in all 20 regressions.
These results, taken together, support the view that foreign exchange risk is priced, and that the risk premia vary with both the overall level of risk premia for payoffs in a given currency, as measured by the volatility of the pricing kernel, and with the level of exchange rate volatility. While inclusion of the estimated pricing kernel volatilities does not eliminate the forward premium puzzle for particular exchange rates, it does on average attenuate it, and for the currencies where the proposed essentially affine term structure model seems appropriate on average almost eliminates it. Given the restrictive form of the term structure model, and the strong maintained assumptions that inflation volatility as well as all correlations with the pricing kernel are constant over time, the results offer strong support for a risk-premium based explanation of the forward premium puzzle.
Conclusion
In this paper, we have shown that there exists a simple relation between the volatilities of the pricing kernels (or maximum Sharpe ratios) for returns denominated in different currencies and the volatility of the exchange rate between them. We have also shown that the foreign exchange risk premium can be expressed in two alternative but equivalent forms. First as a sum of two terms: one that is proportional to the volatility of the domestic currency pricing kernel and the other that is proportional to the product of the volatility of the pricing kernel and the volatility of the exchange rate. Secondly, as a quadratic function of the volatilities of the pricing kernels of the two currencies.
The volatilities of the pricing kernels (Sharpe ratios) associated with five major currencies were estimated from (monthly) panel data on zero coupon bond yields and inflation using the parsimonious three-factor essentially affine term structure model proposed by Brennan, Wang and Xia (2003) which allows for time-variation in the volatility of the pricing kernel. The term structure model implies that bond yields are linear functions of the instantaneous real interest rate, the expected rate of inflation and the pricing kernel volatility, and the Kalman filter estimation yielded estimates of these three state variables for each currency/country.
The empirical relations between the estimated pricing kernel volatilities for different currencies were investigated by regressing first differences of one volatility on first differences of another and by co-integrating regressions that include an estimate of the exchange rate volatility. The co-integrating regressions reveal strong relations between the pricing kernel volatilities for different currencies and the exchange rate volatility: and the results of the first difference regressions are significantly stronger in the second half of the sample period, suggesting that capital market integration may have improved over time.
The negative correlation between the forward premium and the subsequent change in the spot exchange rate, the "forward premium puzzle" was manifest in the data for all currencies except the DM. However, as the first expression for the foreign exchange risk premium predicts, returns to foreign currency investment were found to be reliably related to time-variation in both the estimated volatility of the domestic pricing kernel and the exchange rate volatility. Data on exchange rate implied volatilities were available for only a limited set of currencies and dates. Therefore, the ability of the estimated volatilities of the foreign and domestic pricing kernels alone (without the exchange rate volatility) to capture time variation in the exchange rate risk premia was also evaluated. In general the estimated pricing kernel volatilities had significant explanatory power for the returns to foreign currency investment. However, the signs of the coefficients were not always as predicted, and when the forward premium was included as an independent variable it often entered with the wrong sign as in the forward premium puzzle regressions. Nevertheless, it was found that the sign of (precision-weighted) average coefficient of the forward premium changed from negative to positive when the pricing kernel volatilities were included; and when the JY, for which the pricing kernel volatility estimates were most problematic, was excluded, the average coefficient estimate of 0.93 is close to the theoretical value of unity.
These findings support the notion that risk premia in foreign exchange markets vary with the general level of risk premia in the corresponding bond markets and, given the restrictive nature of the essentially affine term structure model which was used to estimate the pricing kernel volatilities, the results are supportive of a rational explanation of the forward premium puzzle. However, further work is required to identify the volatility of the pricing kernels more precisely, and it would be desirable to allow for time variation in the correlations of state variable innovations with the pricing kernels which have been assumed constant throughout the paper. Table 4 Term Structure Model Parameter Estimates
This table reports estimates of the parameters of the stochastic process of the investment opportunity set, equations (22) to (24), obtained from a Kalman filter applied to inflation rates and bond yields. The state variables are r, the real interest rate, π, the expected rate of inflation, and η, the volatility of the pricing kernel or the Sharpe ratio of the economy. In the table, m denotes the pricing kernel and P is the price level. Asymptotic t-ratios are in parentheses. Table 6 Cointegrating Regression of Pricing Kernel Volatilities and Exchange Rate Volatility
The United States
The table reports parameter estimates from cointegrating regressions for:
where ηi,t is the volatility of the pricing kernel for currency i. Table 7 Cointegrating Regression of log Spot Rate Change on log Forward Premium
The table reports parameter estimates from cointegrating regression estimates of:
ln Si,j,t+1 − ln Si,j,t = c0 + c1 (ln Fi,j,t,∆ − ln Si,j,t) ,
where Si,j,t and Fi,j,t,∆ denote the spot and ∆-period (one month) forward exchange rates between currencies i and j at time t measured in units of currency i per unit of currency j. Asymptotic standard errors are in parentheses and t-statistics are in brackets. The log likelihood function value (LL) is calculated by using small sample degrees of freedom correction.
No. The table reports parameter estimates for: Si,j,t+1 − Fi,j,t,∆ Si,j,t = c0 + c1ηi,tσS + c2σS + .
where Si,j,t and Fi,j,t,∆ denote the spot and ∆-period (one month) forward exchange rates between currencies i and j at time t measured in currency units of i per currency unit of j and ηi,t is the volatility of the real pricing kernel for currency i at time t. Asymptotic standard errors are in parentheses and the t-statistics are in brackets. The log likelihood function value (LL) is calculated by using small sample degrees of freedom correction.
No. Table 9 Cointegrating Regression of log Return on Foreign Currency Investment on Domestic and Foreign Pricing Kernel Volatilities
The table reports parameter estimates for:
ln Si,j,t+∆ − ln Fi,j,t,∆ = c0 + c2η 2 i,t + c3η 2 j,t + c4ηi,t + c5ηj,t + .
No. i j c 0 c 2 c 3 c 4 c 5 LL Table 10 Cointegrating Regression of log Spot Rate Change on log Forward Premium and Pricing Kernel Volatilities
The table reports the cointegrating parameter estimates for the following cointegration regressions:
ln Si,j,t+1 − ln Si,j,t = c0 + c1 (ln Fi,j,t,∆ − ln Si,j,t) + c2η 2 i,t + c3η 2 j,t + c4ηi,t + c5ηj,t + where Si,j,t and Fi,j,t,∆ denote the spot and ∆-period (one month) forward exchange rates between currencies i and j at time t measured in currency units of i per currency unit of j and ηi,t is the volatility of the real pricing kernel for currency i at time t. Asymptotic standard errors are in parentheses and the t-statistics are in brackets. The log likelihood function value (LL) is calculated by using small sample degrees of freedom correction.
No. i j c 0 c 1 c 2 c 3 c 4 c 5 LL 
